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Abstract. In this paper, we investigate the asymptotic behavior of regular 
ends of fiat surfaces in the hyperbolic 3-space H^. Galvez, Martinez and Milan 
showed that when the singular set does not accumulate at an end, the end is 
asymptotic to a rotationally symmetric fiat surface. As a refinement of their 
result, we show that the asymptotic order (called pitch p) of the end determines 
the limiting shape, even when the singular set does accumulate at the end. If 
the singular set is bounded away from the end, we have — 1 < p < 0. If the 
singular set accumulates at the end, the pitch p is a positive rational number 
not equal to 1. Choosing appropriate positive integers n and m so that p = 
n/m, suitable slices of the end by horospheres are asymptotic to d-coverings {d- 
times wrapped coverings) of epicycloids or d-coverings of hypocycloids with 2no 
cusps and whose normal directions have winding number mo, where n = ngd, 
m = mo d (riQ, mo are integers or half-integers) and a! is the greatest common 
divisor of m — n and m + n. Furthermore, it is known that the caustics of flat 
surfaces are also flat. So, as an application, we give a useful explicit formula 
for the pitch of ends of caustics of complete flat fronts. 



Introduction 

Let / : D* be an immersion of the unit punctured disc D* := {z e C ; < 

\z\ < 1} into the hyperbohc 3-space H^. Then / is called flat if the Gaussian 
curvature vanishes everywhere, and, assuming this is the case, we call / an end of 
a flat surface. Since any flat surface is orientable [KRUY] . this is the general setup 
for "ends" of flat surfaces. Moreover, / is called a complete end if / is complete 
at the origin z = with respect to the Riemannian metric induced by /. Then 
the two hyperbolic Gauss maps G, G* : D* dH^ = C U {oo} are defined on D* 
[GMMj . If both G{z) and G^{z) can be extended smoothly across z = 0, / is called 
a regular end, and otherwise / is called an irregular end. 

Let V be the unit normal vector field to /, and set 

U:D*3z^ ft{z) - Exp/(,)(ti/(z)) G 7?^ 

for each real number i, where "Exp" denotes the exponential map of the Riemannian 
manifold (see (|1.8p in the next section for a more explicit description of /t). This 
surface ft is called a parallel surface of /. A parallel surface ft may have singular 
points, but it will be considered here as a [wave) front, i.e., a surface which admits 
certain kinds of singularities (see [GMMj . [KUY2j ) . Moreover, any parallel surface 
ft, away from singular points, is flat if / is flat. It is often reasonable to begin 
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a four-noid its caustic 

Figure 1. A flat four-noid and its caustic 

arguments under the assumption that the flat surface is a front. When we wish to 
emphasize that assumption, we speak of it as a flat front instead of a flat surface. 

From now on, we assume / : D* H'^ is a flat front. Even if / is a complete end, 
ft might not be complete at the origin in general, that is, it can happen that the 
singular points of ft accumulate at the origin. However, each /j, including / = 
is weakly complete and of finite type in the sense of [KRUY] (see Definition II. 5p . 
Moreover, for each non-umbilic point z G D* , there is a unique t{z) € R so that 
/((j,) is not an immersion at z, i.e., z is a singular point of ft(z)- Then the singular 
locus (or equivalently, the set of focal points) is the image of the map 

Cf. D* \ {umbilic points} 3 z i — > ft^^^ G H^, 

which is called the caustic (or focal surface) of /. Note that caustics can be defined 
not only for ends but globally for non-totally umbilic flat fronts. Roitman [R] 
proved that C/ is flat (in fact, it is locally a flat front, see |KRSUYj and |KRUYj ). 
and gave a holomorphic representation formula for such caustics. 

A caustic can have more symmetry than the original surface: Figure [T] shows 
a symmetric four-noid and its caustic. The caustic of the four-noid as in Figure 
[T] (right) has octahedral symmetry, though the original surface has only dihedral 
symmetry. This shows that an end of a caustic coming from an umbilic point of 
the original surface can be congruent to another of the caustic's ends coming from 
an end of the original surface. 

As seen in Figure [TJ the ends of caustics are typically highly acute, and the 
singular sets accumulate at the ends, even though non-cylindrical complete ends 
are tangent to the ideal boundary (see also Figured] in Section H]). Prompted by 
Roitman's work, the authors numerically examined such incomplete ends on several 
caustics and were surprised at their acuteness and at the additional symmetry as 
mentioned above, and so wished to analyze their behavior precisely. This is the 
central motivation of this paper, which is a sequel of the previous paper |KRUY| . 

As an analogue of a result in |UY1| for constant mean curvature one surfaces 
(CMC-1 surfaces) in H^, |GMM| showed that a complete regular end is asymptotic 
to the m-fold cover of one of the rotationally symmetric flat surfaces, and that 
m = 1 implies proper embeddedness of the end. In order to state both this result 
and other new results, we fix the setting as follows: Let /: D* be a weakly 
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complete end of finite type, which we abbreviate as "WCF-end" (Weakly complete 
and finite type were defined in [KRUYj . and are also defined in Definition 11.51 here) . 

Moreover, we assume the WCF-end / is regular. (The regularity for WCF-ends 
is defined in the same way as for complete ends.) Denoting by tt: 
the projection of to the Poincare upper half-space model := {{C,h) G 
C X R ; h > 0}, we discuss the asymptotic behavior of regular WCF-ends in terms 

of TT O /. 

Note that WCF-ends are generalizations of complete ends. Moreover, all ends of 
caustics of complete regular-ended flat fronts are regular WCF-ends {see |KRUY[ 
Theorems 7.4 and 7.6]). 

Galvez, Martinez and Milan |GMM| proved that each complete regular end is 
asymptotic to a finite covering of a rotationally symmetric end. The following 
proposition is essentially the same as their result, but now stated in terms of a 
geometric quantity we call the pitch (see Proposition [Al and Theorem [B]), and also 
in terms of the ratio of the Gauss maps (see |KRUYj or (|1.26p for a definition): 

Proposition A. Suppose that the flat surface f is a complete regular end. Then 
for a sufficiently small e > 0, the image tt o f{D*) {D* := {z € C | < |z| < e}) is 
congruent to a portion of the image of [0, 27r) x (0, /iq) 9 it,h) i— > ((y5/j(t), /i) G R^ 
with 

(1) ^^(t) =ce™*/ii+'^ + o(/ii+^'), 

for a non-zero constant c, a nonpositive constant p, and a positive integer m. Here, 
m is the multiplicity of the end as in (|1.25p . o{h^^'P) denotes terms of order higher 
than h^^P as h ^ 0, and the exponent p {called the pitch of f) is related to the 
ratio a of the Gauss maps by 

1 + Of 

v = ^e(-i,0]. 

In particular, the pitch of each parallel surface ft is also equal to p whenever ft is 
complete. 

Later, we shall give a refinement of this assertion, that is, we shall compute the 
second term of the expansion in ^ (Theorems 13.11 and 13 . 5p . 

A description of the asymptotic behavior of CMC-1 surfaces in was first 
given in |UYlj . and refinements were given by Sa Earp and Toubiana [ETj and 
Daniel [D]. In particular, Daniel's refinement gives relationships between the flux 
and asymptotic behavior of complete regular ends of GMG-1 surfaces. To prove 
Proposition \K\ and its refinements (Theorems 13.11 and 13. 5p . we define an analogue 
of the flux matrix as in [RUYj . In this sense. Theorems 13.11 13.51 and Theorem IB] 
below are an analogue of Daniel's line of investigation. 

On the other hand, the asymptotic behavior of an incomplete end, as in Theo- 
rem |B] below, has clearly not been analyzed in the case of CMC-1 surfaces, for the 
obvious reason that those surfaces do not have singularities. Analysis of the incom- 
plete end case leads to a mysterious connection between flat surfaces and cycloid 
curves: A cycloid is the image of the map 

r„, n{t) := - \{m + 7i)e'("-")* + {m - n)e'(™+")* 
m L 

Let d be the greatest common divisor of m + n and m — n and set m = mod, 
n = ngd {niQ, uq £ Then the image of Fm^n is determined by the pair (toqi '^o) 

satisfying mo, no G ^-2^7 ™o ± jt-o G -Z" and GCD[mo + uq, niQ — uq] = 1. Since such 
a pair {tuq, uq) corresponds bijectively to a rational number no/mQ £ \ {1}, we 
denote the image of F„i^n by c„/„j(= Cng/,n^J, and is called an epicycloid if n/m < 1 
and a hypocycloid if n/m > 1. It is well-known that c„/,„ is created by the trace 
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(m, n)= (1, 2) (m, n)= (1, 3) (m, n)= (1, 4) 

(mo,no)= (1,2) (mo,no)= (|, |) (mo, no)= (1, 4) 

d=l d=2 d=l 
Hypocycloids 




(m,n)= (2,1) (m,n)= (3,1) (m, n)= (5, 3) 

(mo,no)= (2,1) (mo,no)= (§, |) (mo, no)= (|, |) 

d=l d=2 d=2 
Epicycloids 



Figure 2. Cycloids 

of a point on a circle of signed radius 1 — p rolled along another circle of radius 
2p = 2n/m = 2no/TOo without slippage, and has no self-intersections if and only 
if I no — mo I = 1. Cycloids admit (3/2)-cusps, at which their unit normal vectors 
are well-defined smooth vector fields. The number niQ takes a value in ^Z, and is 
called the winding number of the cycloid Cng/moj which is the number of times that 
the unit normal vector to the cycloid winds around as the cycloid is traversed 
once. The map r'm,n represents a d-covering of the cycloid Cn/m (see Figure [5]). 

In order to describe our main results, we give an integer 2n, which will correspond 
both to the number of singularities of a cycloid and to the number of connected 
components of cuspidal edges appearing in an incomplete WCF-end. The canonical 
forms 9 and oj associated to a flat front will be defined in Section [TJ Note that 
incomplete regular WCF-ends are all cylindrical. If a regular WCF-end / : D* 

is cylindrical, then p{z) := 9/w (given in p.l2p ) is a nonvanishing holomorphic 
function near 2 = 0. Moreover if / is incomplete, then |p(0)| = 1 (see Lemma ri.20p . 
and whenever p is non-constant, the ramification order n of p is computed as 

where oj = cudz, 9 = 9dz, ' = d/dz (see Section [1] and |KRSUY[ (3-15)]), and 
ordo w = k for a given meromorphic 1-form zu if it is written as w = z^ip{z) dz 
(<^(0) ^ 0). 

Theorem B. Suppose that the flat front f is an incomplete but weakly complete reg- 
ular end of finite type {i.e., an incomplete regular WCF-end), which is not contained 
in a geodesic line in . Then for a sufficiently small e > 0, the image tto f{D*) is 
congruent to a portion of the image of [0, 2n) x (0, ho) 9 {t, h) i-^ {iph{t), h) e R^, 
with 

(3) v'ft(t) = /ii+Pr,„,„(i)+o(/ii+f), p=-e(0,l)U(l,oo). 
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horosphere cylinder snowman hourglass 

Figure 3. Flat fronts of revolution, shown in the Poincarc ball 
model for 

Here, m is the ramification order of the hyperbolic Gauss map G{z) at z = {which 
coincides with that of the other hyperbolic Gauss map G^{z)), and n m) is the 
ramification order of the function p :~ 9/uj at z = 0. The set of singular points of f 
consists only of cuspidal edges, corresponding to the cusps on the slices iph (t) created 
by cutting with h = constant. Here, the exponent p is again called the pitch of f . 
In particular, f has no self-intersections outside of a sufficiently large geodesic ball 
in if and only if d ~ 1 and |mo — no| = 1, where mo, no and d are the numbers 
determined by the map rm,n- 

It should be remarked that a surface given by 

h) := (r(7?)e"'/ii+f , h) & RI {p > 0, P ¥^ 1) 

is asymptotically flat with respect to the Poincarc metric of constant curvature —1 
as /i ^ +0 if and only if 

{p'^l)^=p' + ip' + lW + u\ 

where u = dlogr/di!}. The general solution of this ordinary differential equation for 
p = n/m characterizes the cycloids c„/„i, which removes the mystery why cycloids 
appear in the asymptotic behavior of ends of flat surfaces (see Appendix [Bjl . 

Theorem iBl implies that the pitch of any incomplete WCF-end is a positive ra- 
tional number not equal to 1, so let us use the following terminology: an incomplete 
WCF-end is of hypocycloid-type if the pitch is greater than 1, or of epicycloid-type 
if the pitch is less than 1, respectively. 

Theorem [B] is particularly useful for studying caustics of complete flat fronts in 
H^, as those caustics have incomplete ends in general. The pitch of each end of 
the caustic can be computed using just the pair of hyperbolic Gauss maps for the 
original flat front as described in Theorem l4.2l in the final section, and it then tells 
us the asymptotic behavior of the end of the caustic. 

Even if we do not know a priori whether the end is complete, any regular WCF- 
end is asymptotic to either Q in Proposition |^ or ([3]) in Theorem [BJ Thus the 
pitch p is a single entity that encompasses both cases ([T]) and ((21). As a corollary 
of Proposition [A1 Theorem [B] and |KRUY( Propositions 3.1 and 7.3], we have: 

Corollary C. The pitch p of a complete regular end takes its value in (—1,0], and 
the pitch p of an incomplete regular WGF-end takes its value in \ {1}, where 
Q_i_ is the set of positive rational numbers. Moreover, a regular WCF-end is 

• a snowman-type end if and only if —1 < p < —1/2, 

• a horospherical end if and only if p = —1/2, 

• an hourglass-type end if and only if —1/2 < p < 0, 

• a complete cylindrical end if and only if p = 0, 
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• an end of epicycloid-type with 2n cusps and winding number m if and only 
ifp = n/m G (0, 1), 

• an end of hypocycloid-type with 2n cusps and winding number m if and only 
if p = n/m G (1, oo). 

Snowman-type ends, horospherical ends, hourglass-type ends and cylindrical 
ends were defined in [KRUY] using properties of the canonical 1-forms and the Hopf 
differential (see Definition ll.l6p . and asymptotic behavior was not established there. 
But as a consequence of Proposition 1X1 and Corollary IC] snowman-type ends, horo- 
spherical ends, hourglass- type ends and complete cylindrical ends are now known 
to be asymptotic to the finite covering of a snowman, the horosphere, an hourglass 
and a cylinder, respectively (see Figure [3]). 

We will see that any WCF-end of epicycloid-type or hypocycloid-type is neces- 
sarily a cylindrical end, but it is not complete (see Lemma ri.20p . 

Corollary [C] means that the shape of any end tells us what its pitch p is, and vice 
versa. For example, Figure [T] (right) indicates the caustic of a flat front of genus 
with 4 ends (Figure [1] left) . The central end (converging to the north pole in dH^) 
shown there has four cuspidal edges. Since the winding number of slices of the end 
in this case is 1, we can conclude that the pitch of the end is p = 2 (cf. Example l4.4l 
in Section H]). 

Acknowledgements. The third and fourth authors would like to thank Jose Antonio 
Galvez and Antonio Martinez for fruitful discussions during their stay at Granada. 
The authors also thank the referee for comments that significantly improved the 
results here. 

1. Fundamental properties of regular ends of flat fronts 

In this section, we shall describe fundamental properties of flat fronts in the 
hyperbolic 3-space. See [KUYl] . [KUY2j . |KRUY| for precise arguments and proofs. 

The hyperbolic space. The hyperbolic 3-space of constant sectional curva- 
ture — 1 is realized as the upper half component of the hyperboloid of the Minkowski 
4-space L'^ with inner product ( , ) of signature (— , +, +, +): 

(1.1) = {x ^ (xo,xi,X2,a;3) € ; (x,x) = -1,xq > 0}. 
Identifying with the set Herm(2) of 2 x 2 Hermitian matrices as 

(1.2) L 9 (2:0,0:1, a;2, 2:3) < — >{ . (1 = V-1) , 

\xi - 1x2 xo - X3 J ^ ^ 

we can write 

(1.3) ^{X e Herm(2) ; detX = 1, traced > 0} 

= {uu* I u e SL(2, C)} = SL(2, C)/ SU(2) {u* = *m). 

The complex Lie group SL(2, C) acts isometrically on by 

(1.4) Lu:H^bX> — >uXu*eH^ (ueSL(2,C)). 

In fact, the identity component of the isometry group of is identified with 
PSL(2,C) = SL(2,C)/{±1}. 
We consider the projection 

(1.5) TT : 3 {xo,xi,X2,X3) 1 — > (xi +i2:2,l) € 
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where := {{(^ , h) £ C x R ; h > 0}. The map tt is an isometry from to the 
Poincare upper half-space model 

(1,6) (RlJ'i^'^"'" 



Under the paramctrization as in ()1.3p . we can write 

n '7\ ( *\ ("ii"2T + '"12M22, 1) , (uii ui2\ ^ „^ ,^ 

1.7) -Kiuu ) ~ — , where u = \ e oL(2, C ). 

U21U21 + U22U22 \U2l U22J 

The ideal boundary dH^ is identified with C U {00} as in (jA.ip in Appendix [XI 

Flat fronts. A smooth map /: from a 2-manifold into the hyperbolic 

3-space is called a front if there exists a Legendrian immersion Lf-. T^H^ 
into the unit cotangent bundle of whose projection is /. Identifying T^H^ with 
the unit tangent bundle TiH^ , Lf corresponds to the unit normal vector field v of 
/, that is. the immersion (/, v) : TiH^ satisfies {i^, j/) = 1 and {i', df) = 0. A 

point X E Al"^ where rank(c?/)a; < 2 is called a {Legendrian) singularity or singular 
point. 

The parallel front ft of a front / at distance t is given by ft {x) = Exp y^^.^ , 
where "Exp" denotes the exponential map of H^. In the model for as in (|1.1|) . 
we can write 

(1.8) ft = (cosht)/ + {s'mht)i/, Vt = (cosht)i/ + (sinht)/, 

where vt is the unit normal vector field of ft- 

Based on the fact that any parallel surface of a flat surface is also flat at regular 
points (i.e., non-singular points), we define flat fronts as follows: A front /: A'P — > 
is called a flat front if, for each x £ M^, there exists t G R such that the 
parallel front ft is a flat immersion at x. By definition, {ft} forms a family of flat 
fronts. We assume this is the case. As in (|1.3p . the hyperbolic 3-space can be 
considered as a subset of SL(2, C), and there exist a complex structure on and 
a holomorphic Legendrian immersion 

(1.9) Sf.M^ — >SL(2,C) 

such that / = £f£f and v = Efe^E^ ^63 := l)) ' 

where is the universal cover of AP (see |GMMj and jKUYlj ). We caU £f the 
holomorphic Legendrian lift of the flat front /. Here, £f being a holomorphic Leg- 
endrian map means that the sl(2, C)-valued 1-form Sj^dSj is off-diagonal, where 
s[(2,C) is the Lie algebra of SL(2, C) (see |GMMj . [KUYlj . |KUY2j . |KRUYj ). So, 
we can write 

(1.10) 

for holomorphic 1-forms u! and 6 on M^. We call uj and 6 the canonical forms. 

The first and second fundamental forms ds^ = {df, df) and II = — {df, dv) are 
given by 

ds^ = |cj + = + + (|t^|2 + |0|2), Q ^ 

Note that jw^ and 16*1^ are well-defined on Af^ itself, though w and are generally 
only defined on Af^. The holomorphic 2-differential Q appearing in the (2,0)-part 
of ds^ is defined on KP , and is called the Hopf differential of /. By definition, the 
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umbilic points of / equal the zeros of Q. Defining a meromorphic function on 
by 

(1.12) 

then \p\ : AP [0, +oo] is well-defined on AP, and x E AP is a singular point of / 
if and only if = 1. 

We note that the (1, l)-part of the first fundamental form 

(1.13) ds?^i = + 

is positive definite on because it is the pull-back of the canonical Hermitian 
metric of SL(2, C) by the immersion £f. Moreover, 2dsf i coincides with the pull- 
back of the Sasakian metric on the unit cotangent bundle T*H^ by the Legendrian 
lift Lf oi f (which is the sum of the first and third fundamental forms, see [KUY2[ 
Section 2] for details). The complex structure on is compatible with the con- 
formal metric ds\ -y. Note that any flat front is orientable ( |KRUY| Theorem B]). 
Throughout this paper, we always consider as a Riemann surface with this 
complex structure, for each flat front /: H^. 
The two hyperbolic Gauss maps are defined as 

G = G, where = (E'y). 

It can be shown that the hyperbolic Gauss maps are well-defined as meromorphic 
functions on M^. In fact, geometrically, G and G* represent the intersection points 
in the ideal boundary dH^ — CU {oo} of of the two oppositely-oriented normal 
geodesies emanating from / in the v and —ly directions, respectively (see Proposi- 
tion [X]2] in the appendix). In particular, parallel fronts have the same hyperbolic 
Gauss maps. For u G SL(2,C), the change £f i-^ u£f corresponds to the rigid 
motion f Lu ° f = ufu* in as in (jl.4p . Under this change, the hyperbolic 
Gauss maps change by the Mobius transformation: 

(1.14) G^u*G= — , G^^u*G^^ — , 

U21G + U22 M2lG*-|-M22 

where u = (uij), in contrast to the canonical forms uj, 6 which are unchanged. The 
canonical forms, the hyperbolic Gauss maps and the Hopf differential are related 
as follows: Let g and be holomorphic functions on the universal cover AP of 
such that dg = bj and dg^, = 6. Then it holds that 

'' 'h"\' 1 fh"^ 



(1.15) S{g) - S{G) = S{g.) - S{G.) = 2Q, Sih) = <^[jr ) - 2 [l7 ) j '^^ ' 

where z is a local complex coordinate and ' = d/dz, that is, S{-) denotes the 
Schwarzian derivative with respect to z. The relations in (jl.lSp suggest us that G, 
G*, Lu and 6 can be considered as pairs {G,u!) and {G^,9). In fact, as we shall see 
in (|1.18|) . the front / can be represented via the pair (G, w) or (G*,6'). 

Definition 1.1. The canonical form to (resp. 6) is said to be associated with G (resp. 
G,). 

The holomorphic Legendrian lift £f has a U(l)-ambiguity, that is, 

is also a holomorphic Legendrian lift of /. Under this transformation, the canonical 
forms and the function p change as 

(1.16) wi-^e'^w, e^e-^'^e, p^e'^'^p, 
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in contrast to the hyperbohc Gauss maps G, G* which are unchanged. On the 
other hand, the projection of 

(1.17) 

is also the same front /. but the unit normal £^63(1?^)* = —v is reversed, where v is 
the unit normal in (HH). We call E) the dual oiEf (see |KRUY1 Remark 2.1]). The 
hyperbolic Gauss maps G'', G\, the canonical forms u^, 6^ and the Hopf differential 
Q'' are related to the original data by 

(G^c.^) = (G„0), {G\,6^) = {G,u), Q^=Q. 

A holomorphic Legendrian lift £/ can be expressed by the pair (G, lu) of the hyper- 
bolic Gauss map G and the canonical form w, as in [KUYlj : 

We use the above formula in what follows, but. using the duality ()1.17p . we could 
express 8f in terms of the pair {Gf,,9) as well. The fact that we have these two 
different expressions for £f will play a crucial role in our investigation of the as- 
ymptotic behavior of WCF-ends. 

Another representation formula for f / in terms of the hyperbolic Gauss maps is 
given in |KUY1| : 

(119) 8,-(^'^ eG./(G-G.)\ (.-So^vC^ 

where G is a base point and (5 e C \ {0} is a constant. Note that the choice 
on 5 corresponds to the U(l)-ambiguity, as well as to the family of parallel fronts. 
The canonical form uj and the Hopf differential Q are expressed as 

dG dGdG. 
(1.20) UJ = — — -, Q 



e' (G-G*)2- 
Remark 1.2 (Flat surfaces in de Sitter 3-space). We set 
Sf = {X e Herm(2) ; detX = -1} 

= {ue37/*;iieSL(2,C)} = SL(2,C)/SU(l,l) (^3 = (^J JJ 

which gives a Lorentzian space form of positive curvature called de Sitter 3-space. 
A smooth map / : —^ is called a spacelike front if its unit normal vector field 
v is globally defined on A'P and gives a front in H^. The unit normal vector field 
1/ of flat fronts in gives spacelike fiat fronts in de Sitter 3-space Sf, and vice 
versa. 

Remark 1.3 (A characterization of the horosphere). If either G or G* is constant, 
the Hopf differential Q vanishes everywhere because of ()1.20p . Then the surface 
lies in a horosphere. 

Ends of flat fronts. Let /: be a flat front. If AP is liomeomorphic to 

a compact Riemann surface M excluding a finite number of points pi, . . . ,p„, each 
point pj represents an end of /. Moreover, if a neighborhood of pj is biholomorphic 
to the punctured disc D* = {z £ C; 0< \z\ < 1}, then pj is called a puncture-type 
end. We often refer to the restriction of f to a neighborhood D* as the end, as 
well. 

Puncture-type ends can appear in a fiat front with some kinds of "completeness" 
properties: A flat front / : is called complete if there exists a symmetric 
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2-tensor T such that T = outside a compact set C C Af^ and ds^ + T is a complete 
metric of A'P. In other words, the set of singular points of / is compact and each 
divergent path has infinite length (see Definition 11.51 below). On the other hand, 
/ is called weakly complete (resp. of finite type) if the metric dsf i as in p.l3|) is 
complete (resp. of finite total curvature). The following fact is fundamental: 

Fact 1.4 f |KRU Y[ Proposition 3.2]). If a flat front f : AP is weakly complete 

and of finite type, then there exists a compact Riemann surface AI and a finite set 
of points {pi, . . . ,Pn\ such that AP is biholomorphic to AI \ {pi, . . . ,Pn\- 

We can also define completeness of an end itself: 

Definition 1.5. An end /: D* is 

• complete if / is complete at the origin, that is, the set of singular points 
does not accumulate at the origin and any path in D* approaching the 
origin has infinite length, or 

• incomplete WCF if ds\ ^ in (|1.13|) is complete at the origin, the total cur- 
vature of ds\ on a neighborhood of the origin is finite, and / is incomplete 
at the origin. 

Namely, an incomplete WCF-cnd is an "incomplete, FKeakly Complete end of finite 
type". 

Fact 1.6 ( |KUY2| . [KRUY) Proposition 3.1]). A complete end is a WCF- end. Con- 
versely, a WCF-end f : D* — > is complete if the singular set does not accumulate 
at the origin. 

The weak completeness and the finite-type property of a complete end are shown 
in [KUY21 Corollary 3.4] and |KRUY1 Proposition 3.1] respectively. The second 
assertion of Fact 11.61 follows from (KRUYl Theorem 3.3]. 

Fact 1.7 f fUMM] . [Kn72] . |KkUY[ Proposition 3.2]). Let f: D* ^ i/-^ be a 
WCF-end of a flat front. Then the canonical forms cu and 9 are expressed as 

u! — z'^u!i{z) dz, 6 = z'^''9i{z) dz {fi, fi^, G R, /.i + fi^ e Z), 

where toi and 9i are holomorphic functions in z which do not vanish at the origin. 
In particular, the function \p\: D* [0, +oo] as in (|1.12[) can he extended across 
the end 0. 

Here jw^ and 16*^ are considered as conformal flat metrics on D* for sufficiently 
small £ > 0. The real numbers /i and /i» are the orders of the metrics jwp and |0p 
at the origin respectively, that is, 

(1.21) ^ = ordo|a;p, /i, = ordo |6lp. 

Since ds\ i = \uj\^ -\- \9\'^ in ()1.13p is complete at the origin, it holds that 

(1.22) min{^t,^j,} = minjordo |tJ|^ordo |6'|^} < -1 
for a WCF-end. By (jl.lip . the order of the Hopf differential is 

(1.23) ordoQ = /i + /i, = ordo |a;p + ordo |6'p, 

where ordg Q ^ m li Q ~ z™{a + o(l))dz^ holds for some a 7^ 0. 

The following assertion is essentially shown in the proof of jKRUY) Theorem 
3.4]. However, for the sake of convenience we give a proof here. 

Proposition 1.8. Let f : D* — > he a complete end of a flat front. Then the 
parallel front ft as in (|1.8p is a WCF-end. Conversely, for an incomplete WCF-end 
f : D* of a flat front, ft is a complete end for any t ^ 0. 



ASYMPTOTIC BEHAVIOR OF FLAT SURFACES 



11 



Proof. The canonical forms of the paraUel front ft are expressed by those of / as 

cut = e*w, 9t = e"*6', pt = e'^V- 

By (|1.22p . the completeness of ds^ ^ is preserved by taking parallel fronts. On the 
other hand, it follows from [KRUYi (3.2)] that the finiteness of total curvature of 
dsi I for ft is equivalent the finiteness of orders of |wfp and 16*4^ at the end z = 0. 
This implies that the finiteness of the total curvature of dsi ^ is also preserved by 
taking parallel fronts. By Fact II. 6| if / is complete, it is a weakly complete end of 
finite type. Hence so is ft, that is. ft is WCF. Conversely, if / is incomplete WCF, 
\pt{0)\ = e"^*|p(0)| = e~2* 7^ 1 for t 7^ 0. Since the singular point z £ D* of ft is 
characterized by = 1, the singular set of ft {t ^ 0) does not accumulate at 

the end. Hence ft [t ^ 0) is complete at the origin. □ 

Behavior of regular ends. 

Fact 1.9 f |GMM| . |KUY2j ). The hyperbolic Gauss maps G, G, of a weakly com- 
plete end f : D* — > of a flat front satisfy either 

• both G and G* have at most pole singularities at the origin, and have the 
same value at the end, or 

• both G and G, have essential singularities at the origin. 

We call the end regular if both G and G* have at most poles, and irregular 
otherwise. By (jl.lSp and Fact II. 7[ we have 

Lemma 1.10 ( |GMMj . |KUY2p . A WCF-end f: D* H'^ of a flat front is 
regular if and only if the Hopf differential has a pole of order at most 2 at 0, that 
is, ordo Q > —2 holds. 

Proposition 1.11. Let f: D* H'^ be a regular weakly complete end, and denote 
its hyperbolic Gauss maps by G and G, . Then 

lim^o/(^) = (G(0),0) = (G40),0) 

holds i/G(0) 7^ oo, where n: is the projection as in p.Sp . 

Proof. The proof of |KUY21 Lemma 3.10] applies to weakly complete ends as well. 
So we have G(0) = G*(0)(= a), where a S C U {oo}. By a suitable rigid motion in 
, we may assume a ^ oo. In this case, we can write 

G = a + ^(z), G, =a + ?A,(z), (?A(0) = ?A,(0) = O), 

where ipi^): '4'*i^) ^re holomorphic functions defined on a sufficiently small closed 
disc {|z| < e}. We write tt o / — ((^, h). Then by p.l9p . we have 

1 1 I^P 2 

In particular, /i ^ as z ^ 0. On the other hand, we have 

E11E21 + E12E22 G|i?2iP + G*|£'22p 



\E2l\^ + \E22\^ |i?2lP + |i^22P 

[a + i,{z))\E2i\^ + {a + Mz))\E22\^ , VX^)l^^2iP + V'* Wl^2 



\E2l\^ + \E22\^ |i?2lP + |i?22P 



Thus we have 

|C-a| <max{|VX^)|,|V'*WI}. 

\z\<s 

The right-hand side tends to zero as e ^ 0, hence the left-hand side \C — o,\ converges 
to zero as z ^ 0. This completes the proof. □ 



12 



M. KOKUBU, W. ROSSMAN, M. UMEHARA, AND K. YAMADA 



From now on, we consider a regular WCF-end /: D* of a flat front. By 

a rigid motion, we may assume G(0)(= G'*(0)) 7^ 00. In the case where G and G, 
are both non-constant (cf. Remark 1 1.3p . we have the expressions 

G(z) = a + 6iz'"i+o(z™i), 
G.(.) = a + 5..-+o(.-), ^^MeC\m 
on a neighborhood of z = 0. We set 

(1.25) m = min{mi,m2} = minjordo G'{z), ordo G'^{z)} + 1, 

which is called the multiplicity of the end /. In the case where one of G, G* 
is constant, the multiplicity of the end is defined to be the ramification order of 
whichever of G or G* is nonconstant. The multiplicity m of the end has the following 
important property. 

Fact 1.12 ( |GMM| and |KUY2| ). Let f : D* ^ be a complete regular end. 
Then the multiplicity m of f is equal to 1 if and only if f(D*) is properly embedded 
for a sufficiently small e > 0. 

Recall that (see [KRUY) (7.1)]) the constant 

^ ^^UdG./dGm (if |(dG./dG)(0)| <1), 
\idG/dG,){0) (if I (dG./dG) (0)1 > 1) 

is called the ratio of the Gauss maps. As seen in [KRUYl Propositions 3.1 and 7.3], 
a is a real number which is not equal to 1, so a G [—1,1). 

In particular, if a 7^ 0, the ramification orders of G and G* coincide, and are 
equal to the multiplicity of the end. 

To fix the expression of the ratio of Gauss maps uniquely, we wish to distinguish 
the pairs (G, w) and (G*,6') of / (given just before Dcfinition ll.ip as follows: 

Definition 1.13. The pair (G, w) (rcsp. {G^,9)) is a dominant pair with respect to 
the regular end z = if |(dG*/dG)(0)| < 1 (resp. |(dG*/dG)(0)| > 1). Moreover, 
{G,uj) (resp. (G*, 6*)) is called the stric% dommant pair if |(rfG*/(iG)(0)| < 1 (resp. 
\idG,/dG){0)\ > 1). 

Remark 1.14. For a regular WCF-end, (G, oj) and (G*, 9) are both dominant if and 
only if a = — 1, which corresponds to a regular cylindrical end (sec Definition II. 161 
and Proposition II . 171 below) . If (G*,6') is strictly dominant, (G, w) is not strictly 
dominant. In this case, by taking the dual as in (|1.17p . we can exchange the roles 
of (G,cj) and (G*,0). Thus, we may always assume that {G,uj) is a dominant pair. 
Then it holds that 

(1.27) a = (<iG*/rfG)(0), m = mi. 

In particular, we have the expressions 

G{z)^a + cz"' + o{z"'), 

^'■''^ G.iz)^a + acz- + oiz-). 

We shall use frequently these expressions, or more normalized forms of them. 
The following assertion holds: 

Proposition 1.15. Let {G,lu) be a dominant pair. Then the ratio of Gauss maps 
a and the multiplicity m of the end satisfy the following identity 

1 + a , , 1 + u + m 

(1.29) /i= m-l <-l), that is, a= , 

1 — a 1 + n — m 

where fj. = ordo Ln particular, ijl^ ~ ordo I^P satisfies 

(1.30) /i + //*>-2, A** > -1, (m<-1)- 
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Proof. Substituting (|1.28p into (|1.19p and (|1.20p , and noticing that a 1, we have 
(|1.29p . The second assertion follows from (|1.23p and Lemma [1.101 □ 

Since the Hopf differential Q is written as in (|1.20p . it has the following expansion 

where o(l) is a term having order higher than 1 as z ^ 0. The term 

(1.31) q-2 
is called the top-term coefficient of Q. 

Definition 1.16 (cf. [KRUY) Definition 7.1]). A regular WCF-end f : D* ^ oi 
a flat front is called 

(1) horospherical if q^2 = 0, that is, ordo Q > ~1, 

(2) of snowman-type if q-2 < 0, 

(3) of hourglass-type if q-2 > and ordo ji-^P 7^ ordo or 

(4) cylindrical if ordo |wp = ordo l^'P- (In this case, q-2 is positive. See Corol- 
lary [LIH] below. ) 

These types of ends are characterized as follows: 

Proposition 1.17. Let f : D* be a regular WCF-end of a flat front and 

(G, uj) a dominant pair. Then the end is 

(1) horospherical if and only if a = , that is, /i = — m — 1, 

(2) snowman-type if and only z/0 < a < 1, that is, fi < — m — 1, 

(3) hourglass-type if and only if —1 < a < , that is, ~m — 1 < yU < — 1, and 

(4) cylindrical if and only if a = —1, that is, /i = — 1. 

Proof. If a 7^ 0, ordo Q = ^2 because of p.3ip . and 

a + 1 

(1.32) ordo \0\^ = -2 - ordo \ujf = -2 - /i = — m - 1, 

a — 1 

because of p.23p and (|1.29p . Then the conclusion follows. □ 

Corollary 1.18. // a regular WCF-end of a fiat front is cylindrical, then it holds 
that 

q-2>0, and ordo = ordo |6'p = -1. 

Proof Substitute a = -1 into p3T|) and (fO^ . □ 

Example 1.19 (Flat fronts of revolution). Take a positive integer m and a G [—1, 1), 
and set (G, G*) = (z™, az"). Then by (lLT9ll . we have a flat front / : C\ {0} ^ 
whose canonical forms are given by 

u J n maS'^ -2-u J f a + \ 

UJ = -^z^^dz, d ^ T, dz \^i= -m-1 

0^ (1 — a)'^ \ a — 1 

where i5 is a constant as in p.l9p . The front / is the m-fold cover of the hourglass 
(resp. the snowman) if —1 < a < (resp. < a < 1). When a = 0, / gives the 
horosphere (resp. the m-fold branched cover of the horosphere with branch point 
z = oo) if TO = 1 (resp. m > 2). In the case of a = —1, / gives the to- fold cover 
of a cylinder if \6\'^ ^ 2. When a = —1 and = 2, all points are singularities 
of /, and the image f{C \ {0}) is the geodesic joining and oo. Here, we identify 
dH^ with C U {oo} as in (|A.ip in the appendix. In all cases, / is a flat front of 
revolution whose axis is the geodesic joining and oo G dH^ , see Figure [3] in the 
introduction. 
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Conversely, any flat front of revolution whose axis is the geodesic joining and 
oo G dH'^ is obtained in such a way. In particular, one can choose the complex 
coordinate z such that G = z™, and the canonical form cu = cz'^dz, where c is a 
non-zero constant. 

Behavior of singular points on a regular WCF-end. 

Lemma 1.20. A WCF-end /: D* of a flat front is cylindrical if and only 

if p(z) = 9/uj as in ()1.12p is a nonvanishing holomorphic function near z ~ 0. On 
the other hand, a regular WCF-end f is incomplete if and only if it is cylindrical 
and 1/9(0)1 = 1. 

Proof. Note that this lemma holds not only for regular ends but for WCF-ends. 
The first assertion is obvious. In particular, if the end is not cylindrical, ^ /x* in 
(fT^ and then 

lim |p(z)| = or +00. 
z— >o 

This implies that the singular set {\p\ = 1} does not accumulate at the origin. Thus 
incomplete ends are all cylindrical. Moreover, if the singular set accumulates at the 
origin, then \p{Q)\ = 1. Conversely, assume that / is cylindrical and \p{0)\ = 1. By 
the U(l)-ambiguity as in p.l6|) . one can assume p{Q) = 1 without loss of generality. 
If p is constant, all points arc singular, and then the end is incomplete. Otherwise, 
p can be expanded as p(z) = 1 + bz" + o(z") {b ^ 0), where n is the ramification 
order of p. Hence one can take a complex coordinate w (i«(0) = 0) such that 

(1.33) logp = u;". 
Then the singular set 

(1.34) {\p\ = l} = {w;Re{w") = 0} 

accumulates at the origin. □ 

Proposition 1.21. Let f : D* be an incomplete regular WCF-end of a flat 

front, whose image is not contained in a geodesic line in . Then, for a sufficiently 
small e > 0, only cuspidal edge singularities appear in the image f{D*), and the 
set of cuspidal edges has 2n components, where n is the ramification order of p{z) 
at z = 0. 

Proof. By Lemma ll.20| \p\ is a well-defined function on a neighborhood of the 
origin satisfying |p(0)| = 1. By the U(l)-ambiguity as in ()1.16p . we may assume 
p{0) = 1 without loss of generality. If p is identically 1, then ^KRSUYl Proposition 
4.7] yields that / is rotationally symmetric, and then, the image of / is a geodesic 
line. Thus p is not identically 1, and then we can take a complex local coordinate 
w around the origin as in (|1.33p . Hence the set of singularities is expressed as in 
(|1.34p . which consists of 2n rays starting at the origin in the w-plane. 

By Proposition 1 1 . 1 71 and Lemma [1.201 we have a = — 1. Thus the Hopf differen- 
tial Q expands as 

9 

777 

(1.35) Q = _(n_o(l))dz2, 

where m is the multiplicity of the end. On the other hand, a singular point which 
is not a cuspidal edge point must be a zero of the imaginary part of the function 

d{\ogp) 



(see |KRSUV1 Proposition 4.7]), and we have the following expansion 

2n 



\/CcH = — + 0(1)), 
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where w is the local coordinate near the origin given in (|1.33p . Then the singular 
set is given by {Re(u;") = 0}, and the zeros of the imaginary part of y/C^ are 
approximated by {Im(ii;") = 0}. Since the two sets {Re(w") = 0} and {Im(ti;") = 
0} are disjoint near w = 0, there are no singular points other than cuspidal edge 
points near z = 0. □ 

2. Flux and axes of ends 

The flux matrix. Let / : D* be an end of a flat front such that the complex 

structure of D* is compatible with the metric p.l3p . Regarding C SL(2, C) as 
in (|1.3p . the flux matrix of / is defined by 

(2.1) <S>f:=^Jm)r'eBl{2,C), 

where s[(2, C) is the Lie algebra of SL(2, C) and 7 is an arbitrary loop in D* going 
around the origin in the counterclockwise direction. Here, df is the (l,0)-part of 
df, that is, df = fz dz for a complex coordinate z. 
We first show the following: 

Proposition 2.1. Let £f: D* SL(2, C) be a holomorphic Legendrian lift of f, 
where D* is the universal cover of D* . Then the following formula holds: 

-G^dG-GdG, GldG + G^dGA 
-dG-dG, G,dG + GdG,) ' 

where G and G* are the hyperbolic Gauss maps. In particular, the sl{2, C) -valued 
1-form {df)f^^ is holomorphic, and common to the parallel family {ft}teR) that 
IS, {df)f-^ = (9A)/r' holds. 

Proof. Since £/ is holomorphic, {df)f^^ = dSjSj^ follows from / — £f£*f. Then 
by p.l9p . we have the conclusion. □ 

As defined in [KRUY] , a smooth map / : M"^ on a 2-manifold is called 

a flat p- front if for each x G M^, there exists a neighborhood U oi x such that the 
restriction of / to t/ is a flat front. Roughly speaking, a p-front is locally a front, 
but its unit normal vector field v may not be globally single- valued. The caustics 
(i.e., focal surfaces) of flat fronts are also flat, but in general they are not fronts but 
only p-fronts. So if we wish to analyze the asymptotic behavior of ends of caustics, 
we must work in the category of p-fronts. A p-front is called non-co-orientable if it 
is not a front. 

We now assume /: is a weakly complete flat p-front of finite type. 

Since Fact II. 41 holds also for flat p-fronts (see |KRUYi Proposition 5.4]), there exist 

a compact Riemann surface M and a finite set of points {pi, . . . ,p„} such that 
2 

is biholomorphic to M \ {pi, . . . ,p„}. Though G and G, may have essential 
singularities at pj, the holomorphic form (9/)/~^ is a globally defined s[(2, C)- 
valued 1-form on A'P. Thus the total sum of the residues at pi, . . . ,p„ vanishes: 

Corollary 2.2 (The balancing formula). Let /: AI^ be a weakly complete 

flat p-front of finite type. Then the sum of flux matrices over its ends vanishes. 

This suggests that the flux matrices just defined might be useful for the global 
study of flat fronts, like as for the cases of CMC surfaces in (cf. [KKS] ) and 
CMC-1 surfaces in (cf. [RUY) V 

By definition, the flux matrices are meaningful not only for regular ends but also 
irregular ends for which the hyperbolic Gauss maps have essentially singularities at 
the end. However we shall treat only regular ends in this paper. 



(2.2) idf)f- 



d£f£ 



1 

(G-G, 
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On the other hand, if the end is not a front but a p-front, by taking the double 
cover, it becomes a front (see jKRUY| Corollary 5.2]). So, from now on, we shall 
usually work in the category of fronts. 

Next, we shall define a projection: 

(2.3) U:C'\l(^)}3(^)^^eP\C) = CU {ex.}. 



0/ J \yj y 

Since, for the Poincare upper half-space model R^, the ideal boundary dH^ can be 
identified with C U {oo} (see (|A.ip in the appendix), the image of 11 is contained 
in dH^. 

Theorem 2.3. Let a flat front f : D* ^ be a regular WCF-end. Then there 
exists an eigenvector v of the flux matrix $/ such that the projection Tl{v) £ C U 
{oo} equals the limiting value of the end, that is, 

U{v) = lim ({z) = G(0) = G,(0) , 

where no f[z) = (C(z), ft,(z)) . Moreover, the flux matrix is a lower triangular 
matrix if G{0) = 0. 

Proof. An isometric action t„ {u E SL(2, C)), as in p.4p . induces a flat front ufu* 
congruent to /, and the flux matrix of ufu* is given by u^fu^^. This implies that 
an eigenvector of u^fu~^ must be uv. On the other hand, the isometric action 
induces a transformation of the ideal boundary so that 

dH"^ ^CU{oo}3C^ui.C:= e C U {oo} = dH^^ (u = (u,, )) . 

Thus we have 

' ^0 



n{uv) ^ u*ii{v) [veC-'\ 



which implies that the map 11 is equivariant. So to prove the assertion, we may 
assume that G(0) = G*(0) = 0, replacing / by ufu* for a suitable isometry u G 
SL(2, C) if necessary. Without loss of generality, we may assume that {G,uj) is a 
dominant pair (see Remark II. 14p . Then the hyperbolic Gauss maps are written as 
in (fL28ll for a = G(0) = 0. Thus, we have 

(2.4) GldG + G^dG, = {mc^a[a + 1)2^""^ + 0(2^""^)) dz, 

(2.5) (G - G,)2 = c2(l - a)2z2™ + 0(2^"). 

Since the ratio a of the Gauss maps is not equal to 1, {G^dG + G^dG^)/ (G — G*)^ 
is a holomorphic 1-form at 2 = 0. In particular, it follows from (|2.ip . (|2.2p that the 

flux matrix $y is a lower triangular matrix, and v = is one of the eigenvectors. 

Then wc have n(t)) = = G(0) = G*(0) which proves the assertion. □ 

The eigenvalues of the flux matrix are related to the ratio of the Gauss maps: 

Theorem 2.4. The eigenvalues of the flux matrix of a regular WCF-end f : 
D* —f H'^ of a flat front are 

2ma ( 2g_2 



■{l-aY 

where m is the multiplicity of the end {cf. (|1.28|) ). a is the ratio of the Gauss 
maps (jl.26p . and q^2 is the top-term coefficient of the Hopf differential (jl.3ip . In 
particular, if a ^ {that is, if f is not horo spherical) , then is diagonalizable. 
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Proof. Let us take the same notation as in the proof of Theorem 12.31 Then the 
diagonal components are just the eigenvalues of $y since <i>y is a triangular matrix. 



We have G^dG + GdG^ = {2mc^az^"'-^ + o(z2'"-i)) dz, and by ([13]), we have 



It follows from (|2.ip . (|2.2p that the eigenvalues of are ±2ma/(l — a)^, which 



By Theorem 12.41 $/ is diagonalizable if a 7^ 0. In this case, the flux matrix has 
two linearly independent eigenvectors Vi, V2. Then there exists a unique geodesic 
line in connecting n(fi) and n(t>2) — G(0) G dH^, which is called the axis 
of the flux matrix We denote this geodesic by Vi,V2. By Theorem 12.31 one 
endpoint of the axis is just the limit point of /. 

We finish this subsection with some lemmas concerning the axis, which will be 
needed in the following sections. 

Lemma 2.5. Let f : D* ^ he a regular WCF-end of a flat front. Then the 
flux matrix is diagonal if and only if the axis is the geodesic joining the origin 
and infinity, i.e., the h-coordinate axis {(C/i);C = 0} ^'^ upper half-space model 



Proof. If <&/ is a diagonal matrix, the eigenvectors are Vi = y^j and V2 ~ \ \y 
and vice versa. In this case, n(t;i) = 00 and Wiy^) =0. □ 

Lemma 2.6. Let f : D* he a regular WCF-end of a flat front. Assume that 

$ / has the axis Vi,V2. Let f he an end congruent to f , that is, f = ufu* for some 
u S SL(2, C). Then the axis of the flux matrix is given hy uvi, UV2. 

Proof. As we have already noted in the proof of Theorem l2.31 if v is an eigenvector 
of then uv is an eigenvector of □ 

Lemma 2.7. Let f : D* he a regular WCF-end of a flat front. If the ratio 

a of the Gauss maps is not zero, then there exists an isometry l of such that 
the axis of the flux matrix $,,0/ coincides with the geodesic joining 00 and 0, that 
is, the h-coordinate axis in R^. 

Proof. As we have seen, $/ is diagonalizable if a 7^ 0. Hence this lemma is a direct 
consequence of the two lemmas above. □ 

The indentation number. In this subsection, we introduce the maximum inden- 
tation numher n of a regular WCF-end, which is a positive integer. Firstly, we 
will define a positive integer l~f, called the indentation numher, determined by the 
choice of geodesic 7 asymptotic to the point G(0) = G*(0) G dH^ of /. Then n is 
the maximum of l^ for such geodesies: 

Let / : D* be a regular WCF-end of a flat front and take a (parametrized) 

geodesic 7(3) (s e R) in whose endpoint 



coincides with G(0) = G*(0) G dH^. Here, we identify dH^ with CU {00} as in 
(jA.ip in the appendix. Then there exists a rigid motion in {u G SL(2,C)) 
such that 




are equal to ^2q^2/'>n by (|1.3ip . 



□ 



-f{+oo) := lim 7(5) G dH^ = C U {00} 



(2.6) 



Lu O 7(-00) = 00, 



Lu O 7 (-1-00) 



u*G(0) = 0. 
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Note that such a u e SL(2, C) is unique up to the change 

(2.7) ^^(^^ iSeC\{0}). 

We may assume that the pair (G, uj) is a dominant pair, and define a meromorphic 
function 

(2.8) A, 

a{u-kG) 

which does not depend on the ambiguity as in (j2.7p . that is, depends only on 
7. When Ay{z) is not a constant function, the ramification order /(= l^) of the 
meromorphic function Ay{z) at z = is called the indentation number with respect 
to the geodesic 7. On the other hand, if Aj{z) is constant, we set 

(2.9) /^:=oo. 

This exceptional case corresponds exactly to the case that / is rotationally sym- 
metric with respect to the axis 7 (see Example II. 19p . 

Since (G,w) is dominant, the ramification number of G at is equal to the 
multiplicity m of the end. Then, replacing / by o / for a suitable u G SL(2, C), 
there exists a complex coordinate z on a neighborhood of the origin such that 

(2.10) G(z) = z™. 

Unless Ay(z) is constant, the other hyperbolic Gauss map G*(z) can be written as 

(2.11) G,(z) ==az"'+aiz™+'+o(z"+'), (ai 7^ 0, / = /^), 

where a is the ratio of the Gauss maps (see Remark Il.l4p . 
We denote by [7] the image of the geodesic 7. 

Lemma 2.8. Let f: D* — > be a regular WCF-end of a flat front with multi- 
plicity m. Then one of the following three cases occurs: 

(1) The end f is horo spherical, and the indentation number I ^ does not depend 
on the choice of geodesic 7. 

(2) The end f is not horo spherical, and the indentation number l-y does not 
depend on the choice of geodesic 7. Moreover, l-y < m holds. 

(3) The end f is not horo spherical, and there exists a unique geodesic a satis- 
fying cr (+00) = G(0) such that 

([7] ^ M), 
([7] = M) 

holds for each geodesic 7 satisfying 7(+oo) = G(0). 

Proof. Without loss of generality, we may assume that G(0) — G*(0) = by 
replacing (G, G*) with {u-kG, u-kG^) {u e SL(2, Cj) if necessary. We fix a geodesic 
7o such that 

70 (+00) = 0, 70 (-00) = 00 

and let I := l.yg be the indentation number with respect to 70. 

Firstly, we consider the case 1^^ < 00. Then we may assume that G(z) and G*(z) 
satisfy p.lOp and ()2.1ip respectively. We now take another geodesic 7 such that 

(2.12) 7(+oo) = 0, (a:=)7(-oo)eC\{0}, 
and set 




(2.13) u{= (u,,)) 



1 

a-i 1 
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Then 

o 7(+oo) = and Lu ° 7(— oo) = oo 

hold. Here, 

djui^G,) _ f U21G + U22 y dG, _ f -g-'G + i V dG, 
By ([2^0]) and ((2lT|) . we get 



AJz) = 1 - -(1 - a)^™ + o(z") a + ^ ^^-^z' + 0(2') 

\ a y \ TO 

If / is horosphcrical, that is, a = 0, then the first non- vanishing term of A^{z) is z', 
and we have ~ I. This impHes that the indentation number does not depend 



on 7, that is, (1) holds. 

Next, we eonsider the case that / is not horospherical, that is, a ^ 0. 
Case a: Suppose that I < to, then 

^ / N (m + l)ai , . 

TO 



which implies 1^ ~ I. Therefore |(2)| holds. 
Case b: Suppose that I > to, then we have 

(2.15) A^{z) ^ a (^1-^(1- a)z'" + o(z'") 

Since a ^ 1, we have = m. Thus we have 

l^„^l>m = lj ([7] ^ [70]). 

This is case |(3)[ 
Case c: Suppose that I = to. Then it holds that 

A^{z) = a + (^2ai - ^(1 - 2" + 0(2") • 

Then 1^ = m holds, unless 



(1 - a)a 

a = 7(— 00) = . 

ai 

This exceptional value a determines the image [7 

Denoting this geodesic 7 by cr, we fall into case 
Finally, we consider the case Ij^ =00, which implies that dG^/dG is constant. 
If / is horospherical, it is an TO-fold cover of the end of the horosphere (see Ex- 
ample [TTTni) . Then G* vanishes identically, and d{u -k G t,) / d{u -k G) vanishes for all 



of the geodesic 7 uniquely. 

Ml 



u £ SL(2, C). This implies (1) On the other hand, if / is not horospherical, that 



is, a ^ 0, then we have an expression 

Giz)^z"\ G,{z)^az"', 

which gives an TO-fold cover of a flat front of revolution whose rotational axis is 
7o (see Example I1.19p . Take a geodesic 7 ([7] 7^ [70]) and a matrix u e SL(2, C) 
satisfying (PT^]) and ^T^. Then by (HtH), we have jTH]), since dG^/dG = a. 
This implies l-y = to. Therefore | (3 ) | holds . □ 



Definition 2.9. Let / be as above. According to Lemma 12.81 we call / a centerless 



end, if it satisfies (1) or |(2)[ On the other hand, / is called a centered end if it 
satisfies [(3)1 When / is a centered end, the unique geodesic a is called the principal 
axis of the end /. The maximum of the numbers l-y, that is, 

n := ma.x{lj ; 7 is a geodesic such that 7(+oo) = G(0)} 
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is called the maximum indentation number of the end /. If / is a centered end, 
then n = l„ holds for the principal axis a. 

Remark 2.10. Suppose that a regular WCF-end / is non-horospherical and embed- 
ded. The embeddedness implies that / is complete (i.e., free of singularities) and 
has multiplicity to = 1. Hence only the case |(3)| in Lemma 12.81 occurs for /. In 
other words, an embedded, non-horospherical, regular WCF-end must be centered. 



The flux axis and the principal axis. Definition 12.91 of the principal axis for a 
centered end looks rather technical. However, it is nothing but the axis of the flux 
matrix. In this subsection, we assume that the end is not horo spherical. In fact, 
for a horospherical end, the only eigenvalue of the flux matrix <I>^ is and hence 
the axis of the flux matrix cannot be deflned. 

Theorem 2.11. Let f : D* he a centered regular WCF-end of a flat front in 

the sense of Definition \2.9l Then the principal axis coincides with the axis of the 
flux matrix / . 

Proof. Without loss of generality, we may assume that (G, uj) is a dominant pair, 
G(0) = and the principal axis a is the geodesic joining oo and 0. Then by 
Lemma 12. 5[ the axis of the flux matrix <f> f coincides with a if and only if ^'z 
is diagonal. Moreover, by Theorem 12.3) is a lower triangular matrix because 
G(0) = 0. Then it is sufficient to show the lower-left component of the flux matrix 
vanishes. 

If the end is rotationally symmetric, the assertion is obvious, since the axis of 
the flux matrix is the rotation axis. So we assume that the end is not rotationally 
symmetric. In this case, we may assume ()2.10|) . (|2.1ip . and 

a 7^ 0, 1, m < Ic = I < oo, 

where I is the maximum indentation number. (Here, a ^ because the end is not 
horospherical, a 1 because the end is of flnite type, and l„ > m because the end 
is centered.) 

Substituting these into (|2.2p . the lower-left component of {df)f~^ is computed 

as 



dG + dC^ to(1 + a)z"-i + (m + 



(G - G*)2 (-(^ „ Q,)^m _ a.iz™+^ + o(z'"+'))' 



■ dz 



to(1 + a) 
" (l-a)2 ' 



, 2 m + 1 , I , , , 

1 + ai \ 7- r Z + O z') 

* 1 - a m(l + a) ' ^ ' 



dz. 



Since I > m{> 1). the residue of this form at the origin vanishes. This completes 
the proof. □ 

Normalization of dominant pairs. To prove the main theorems, we introduce 
the normalized form of the canonical form lu: 

Lemma 2.12. Let f : D* be a regular WCF-end of a flat front with G{0) = 0, 

and I = I J the indentation number with respect to the geodesic 7 joining 00 and 0. 
Assume 1^ < 00, that is, f is not rotationally symmetric with respect to 7 {see 
(|2.9p ). Suppose that (G,w) is a dominant pair (see Remark |_?._?^[ ). Then there 
exist a (unique) local complex coordinate z around the origin and a diagonal matrix 
u e SL(2, C) such that 

(i) if the end is not cylindrical, 
(2.16) M*G = z" and uo = -mz^" {l + bz^ + o{z^)f dz {n<-l,beR+), 
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(ii) if the end is cylindrical, 

(2.17) ii*G = z'" and u = -Xz'^l + z' + o{z')y dz (X G R+), 

where m is the multiplicity of the end; moreover, the end is incomplete if and only 
ifX^ to/2. 

Proof of Lemma \2.12\ We can take a coordinate z such that G and are written 
as (pmi and ((TTT|) . respectively. Substituting these into (fTTOll and (fOUl) . a direct 
calculation verifies that oj has the following expression: 

(2.18) w = coz^(l + 6oz' + o(z'))^ 

where cq and &o £^i'c non-zero constants which can be computed explicitly, and ^ 
is given by the relation (|1.29p in Proposition II. 151 Moreover, by Proposition 1 1.15( 
/i < — 1 holds. Note that 6o 7^ because / is not rotationally symmetric with 
respect to 7. 



(i) First, we assume that the end is non-cylindrical, that is, < — 1 holds. Let k 



be a non-zero constant and take a new coordinate w as z = kw. Then lo is written 
as 

w = co/fc^+^u'''(l + fc'W + o{w^)fdw. 
Here, choose k so that 



/3 = -^. 



k — Kc^^ , where k - 
Then we have 

uj = — me''^ii;^(l -f bw^ -f o{w^)Y dw, 

where 6 = k'|6o| G r = argco + /?(^ + 1) + tt. 
Using the U(l)-ambiguity as in (jl.l6p . we can write uj as 
LO = —mw'^(^l + bw' + o{w^)Y dw 
On the other hand, G is written as G ~ z'" = k"'^w"^. Let 

(2.19) "=( Jn/2)&^U'^,C). 

Then u-kG = w™ and the isometry t„ of preserves and 00 in dH'^. Finally, 
we need only to recall that u is unchanged when / changes to Lu ° f ■ 



(ii) If the end is cylindrical, /i = — 1 holds. Take a coordinate w as z = kw for a 



non-zero constant k. Then lo in (I2.18P is written as 

UJ = cqw^^ (1 + k^bav} + 0(10'))" dw. 
In this case, if we set k ^ we have 

OJ = —Xe^'^w^^ (1 + + o{w^)Y dw (a ~ |co|, t — argco + tt). 

Then again using the U(l)-ambiguity and the matrix u in (|2.19p . we have (|2.17|) . 
Now, we shall prove the last assertion: By p.3ip and ()2.17p . p is expanded as 

e Ouj Q m2 , 

Since A G , Lemma 11.201 implies that the end is incomplete if and only if A = 
771/2. □ 
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Hy^o, s) 



Rl = CxR+ 


n 




7 




o= (0,1) 




7(s) = (0,e-») 




H^{o, s) 


dRl 





Figure 4 . A family of horosphcres 

3. Asymptotic behavior of regular WCF-ends 

In this section, we shall state and prove refinements of Proposition |X] in the 
introduction. We also give a proof of Theorem [B] here. 



Notations — A family of horospheres. To state the results, we prepare nota- 
tions: Let 7 be an oriented geodesic in H'^ and fix a point 0^7. Parametrize 7 
by the arclength parameter s such that 7(0) = o. For each s G R, we denote by 
7i-y(o, s) the horosphere which meets dH^ at 7(— 00) and intersects 7 perpendicu- 
larly at the point 7(5), see Figure HI left. Since each H-y{o,s) is isometric to the 
Euclidean plane, one can introduce a canonical coordinate system on 7i^(o, s) such 
that 7(s) corresponds to the origin of the Euclidean plane as follows (see (|3.2p ): 
We wish to work in the upper half-space model R^ of H'^ as in (|1.5p and (jl.6p . 
We always project to R^ so that 7 is mapped to the downward oriented /i-axis 
(vertical axis) and o is mapped to (0, 1) G C x R^ = R^. Then 

(3.1) n^{o, s) ^ {(C, e-") \C eC} CC X R+^ Rl. 

In this case, the isometry between 7i^(o, s) C i?'^ and the Euclidean plane is given 

by 

(3.2) TT : H^{o, s) 9 (C, h) = (C, e-^) ^^ = e/CeC = E', 

because of ()1.6p . where E'^ denotes the Euclidean plane (ii^; x, y) with the canonical 
metric dx^ + rfy^. See Figured! right. 

Statements of the theorems. First, we consider the non-cylindrical case. In 
this case, all ends are complete by Lemma [1.201 

Theorem 3.1 (Non-cylindrical case). Let f : D* he a non- cylindrical regular 

WCF-end of a flat front with multiplicity m, and let 7 &e a geodesic in with 
7(-foo) = G(0) e dH^, where G is the hyperbolic Gauss map. Then there exists a 
unique point o G 7 such that, for s large enough, f{D*) n7i-y(o, s) is identified with 
a curve in C ~ E"^ parametrized by t as 

(3.3) e™*/iP(l + i?^(/i,i)) (^p= -i-t^ e (-1,0)^ 

using tt in (j3.2p . where a is the ratio of the Gauss maps (|1.26p . h ~ e^" , and 
is a complex-valued function of two real variables (h, t) such that 



lim RJhA) = 0. 
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Figure 5. A centered end with m = 1, n = 3 and p = —0.8. 

Moreover, assume the indentation number l-y with respect to 7 is finite (see ()2.9p ). 
Then, setting 

Np.j,^{h, t) ^ {2{p + 1) cos ]t}h'^, where (3 ^ (3p,j,,n - > 0, 

(3.4) 

for positive integers j, m and a real number p G (—1, 0), we have 

(i) If f is a centerless end, then for any geodesic 7 with 7(+cx)) = G{0), there 
exists b G {when b is used) such that 

f bNp^n,m{h,t) + oih^) (z/n(l +p) < -2pm), 

(3.5) Ry{h,t)= hNp^r.,rn{Kt) + Sp{h) + o{h^) {if n{l + p) ^ -2pm) , 

[Sp{h) + o{h-^P) {tfn{l+p)> -2pm), 

where n is the maximum indentation number, and f3 = [3p^n,m o,s in (j3.4p . 

(ii) If f is a centered end, then for the principal axis a, there exists b G i?+ 
such that Rc{h,t) is written as in ()3.5p . where n{> m) is the maximum 
indentation number. 

Figure m shows the end with G = z, lu = — exp(2z'^) dz in the upper half- 
space model (left) and the view of it from the bottom (right). In each of two figures, 
the end point corresponds to the center of the figure. 

Remark 3.2. For a centered end / as in Theorem 13.11 take a geodesic 7 with 
7(-|-oo) = G(0) which does not coincide with the principal axis. Then there exists 
a unique b^ G i?+ (when b^ is used) such that 



b^Np,^^,n{h,t) + o{h^+P) (^if-l<p<-i 
b^N_.^^^„,{h,t) + S_.{h) + o{hy^) (ifP=-0 > 
Sp{h) + o{h''^P) (if-i<p<0 



(3.6) Ry{h,t) 



3 

This formula can be proved similarly to the proof of Theorem 13.11 Although a 
geometric interpretation of the bifurcation at p = — 1/3 will not be provided here, 
we remark that this bifurcation again appears, also at —1/3, even if we instead 
were to use the height functions induced by slicing with the family of horospheres 
which meet the end at infinity. 
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Remark 3.3. When m = 1, that is, the case of an embedded end, only the case (ii) 
occurs. 

Remark 3.4. If / is rotationally symmetric, n = oo by definition and the end is of 
centered type. In this case, n ^ oo imphcs n{l + p) > —2pm occurs, and then the 
third equation of (|3.5p holds for the principal axis and p.6p holds for non-principal 
axes. 

Theorem 3.5 (Cylindrical case). Let f : D* be a cylindrical regular WCF- 

end of a fiat front with multiplicity m, and let n be its maximum indentation num- 
ber. Take a geodesic 7 in with 7(+oo) = G(0) € dH^ , where G is the hyperbolic 
Gauss map. We set 

■2 \ V™ 



(3.7) 



2 c 



\ ml 

cos It ~ 1 — sm It 

4c / c 



imt 1 

r^At) = —V„,,L^ it) - - [(to + Oe'(™-')* + (m - Oe'(™+')*] 



We remark that Fm.iit) represents a cycloid as in Theorem\^in the introduction. 
Then 

(i) // / is a centerless end, that is, n < m, then for any geodesic 7 with 
7(+oo) = G(0), there exist A € and a unique point o G 7 such that, for 
s large enough, ■jT(^f{D*)r\Ti,j{o,s)^ is a curve in C = E parametrized by 
t as 



(3.8) 



(3.9) 



1 



A- 



4A 



where (3 = — , and h = e 

TO 



In particular, if f is incomplete, then A — m/2 and 7r(/(Z?*) n 7i^(o, s)) is 
parametrized as 

r^,n{t)h^ + o{h'^), where [i=-. 



(ii) If f is a centered end which is not rotationally symmetric, that is, m < n < 
+00, (|3.8p or p.9p holds when 7 coincides with the principal axis a. 



Remark 3.6. For a centered end / as in Theorem 13.51 take a geodesic 7 with 
7(4-00) = G(0) which does not coincide with the principal axis. Then there exists 
a unique point 067 such that the intersection 7t(/(D*) n H-y (o, s)) is parametrized 
as 

^2 ^ 



(3.10) 



A 



TO 

4A 



+ Vrn,rnAt)h + 0{h) 



[h. 



In particular, when / is incomplete, we have A = to/2. Then (j3.10p yields that 
7r(/(D*) n H-yio, s)) is parametrized as 2h + o{h). 

Remark 3.7. If one chooses another point 0' on the geodesic 7, the asymptotic 
behavior changes as follows: Under the situations of Theorems 13.11 or 13.51 take a 
point 0' on the geodesic 7 such that the signed distance between o (which is uniquely 
determined) and o' is r, that is, H^{o', s) = T-i-y{o, s + t). Then we have 

• When the end is non-cylindrical, Tt{f{D*) n Hj{o' , s)) is parametrized as 
e-^fe'"*/if(l-ho(l)) ih = e-''), 
where o(l) denotes a higher order term in h. 
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• In the case of a complete cylindrical end, 7r(/(D*) n Ti^{o' , s)) is paramet- 
rized as 



under the assumption that ()3.8p holds. 
• In the case of an incomplete cylindrical end, Tr{f{D*) n TL-y{o' ,s)) is pa- 
rametrized as 

under the assumption that ()3.9p holds. 

First, we prove Proposition [Xl and Theorem [B] in the introduction as corollaries 
of Theorems 13.11 and 13.51 After that their proofs arc given. 

Proof of Proposition [Zl Take a geodesic 7 with 7(+oo) = G'(O). Then by taking 
the first terms of (j3.3p and (|3.8|) . 7r(/(_D*) n 7i^(o, s)) is parametrized as 

e'™*/iP(l + 0(1)) if the end is not cylindrical, 

1 / TO^ \ 

— ^ ( ^ ^ j + 0(1)) if the end is cylindrical. 

Hence by the correspondence p.2p . we have Proposition [XI □ 

Proof of Theorem\^ Take a geodesic 7 with 7(-|-oo) = G(0) arbitrarily when the 
end is centerlcss. If the end is centered, we take 7 to be the principal axis. Then by 
p.9p and p.2p , we get Q of Thcorcm[Bl where n is the maximum indentation num- 
ber. Finally, applying Proposition II. 2 J] we can conclude that n is the ramification 
order of p, since the map Pm^nit) has 2n cusps in [0, 27r). □ 

Corollary 3.8. Let f : D* he an incomplete regular WCF-end. 

(1) The maximum indentation number of f coincides with the ramification or- 
der of p at z = 0. 

(2) / is epicycloid-type (or hypocycloid-type) if and only if it is centerless (or 
centered). 

Proof. 

(1) Wc have already seen this in the proof of Theorem [b1 

(2) Recall that the multiplicity m of the end and the ramification order n of p 
determine which type the end / is, in such a way that it is epicycloid-type 
if n < m and is hypocycloid-type if n > to. Since n equals the indentation 
number, the condition n < m ot n > m implies that the end / is centerless 
or centered, respectively. □ 



Remark 3.9. Here we provide another proof of Corollary 13.81 (1) Take a geodesic 
7 with 7(-|-oo) = G(0) arbitrarily when the end is centerless, and to be principal 
when the end is centered. Then the indentation number l-y equals the maximum 
indentation number n, which is not equal to the multiplicity m of the end (see 
Lemma 0(2), (3)); 

(3.11) l^ = n ^ m. 

On the other hand, the formula ^ in the introduction with expansions (|2.10p . 
(PUj) gives 

dp 
P 

It follows from p. lip . (j3.12p that the ramification order of p equals n, the maximum 
indentation number. 



(3.12) ^ ^ i — (m + l){m-l)z^-^ + o(z^-^)]dz, (l^L). 

O L TO J 
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Proofs of Theorems [SH] and [331 

Proof of Theorem \3.1\ By Lemma [2. 121 there exist a unique isometry u S SL(2, C) 
and a complex coordinate z such that (|2.16p holds. Then Lu o 7 is the geodesic 
joining 00 and 0, that is. the ft,-axis of the upper half-space model R\ in p.Sp . and 
we write G instead of u * G. 

Replacing / by i„ o /, we assume 7 itself is the geodesic joining 00 and 0. 

We set o = (0, 1) in i?'^, which is a point on the geodesic 7. In this case, the 
family of horospheres is written as in (|3.ip . So, by (|3.2p . if the image of tt o / is 
parametrized as (C(/i, the image under tt of the intersection f{D*) n7i^(o, s) 

is parametrized as t 1-^ (^{h,t)/h G C = where h = e~*. Thus, to prove the 
theorem, it is sufficient to compute C/h in terms of h. 

According to p.7p . wehave C/h = E11E21+E12E22 and 1/h ~ £'21^21 +£^22-^22 ■ 
Hence we start with calculations of Ejj. Substituting (|2.16p into (jl.lSp . we obtain 

£n = -z<'+^+'"^/'(l + 6^'+o(z')), 

1 ^-(i+M-™)/2 [(1 + + + b(2l ~{l + n + m))z' + o(z')] , 

E21 = _z(l+A'-™)/2(l + + oiz')) , 



2m 



" i-"''''^"^"'^^' + - m) + 6(2Z - (1 + A' - m))^' + o{z')] 



Thus, 



(3.13) 



£^2i£^2i = rT+?(l + 26r' cos + o(r')) , 

1 ^12. / 1 -^'"P -2mp 

E22E22 = -7'1+P 7- nrr i+p + o(r 1+P j 

4 V(l+p)^ 

EiiE^ = e'™*rT^ (l + 26r' cos + o(r')) , 
E,2Er. = >-rm (^^r^r^ 



-2mp . 



where z = re'*. Here, we used the relation 

1 + a 1 + /i / -, „N 

P= 77- = -T— ^ e (-I'O)' 

2 1 + /i — m 

see Proposition [TTT5I Change the coordinate re'* to Tye'* so that 

7y — f 1+p . 



Then 



(3.14) 



£21-^21 =77-1(1 + (26 cos ;i)77'' + o(77'5)) 
1 -1 

4'' V(l+p) 
£^11^ = e™*r/f (1 + {2bcoslt)7f + o{f^^)), 



E22E22 = -V-' ( TTTZX^V-'" + oiv-'n ] , 



E12E22 ^ 
where /3 = Pp.i^m as in p.4p . 

The case (1 +p)l < —2pm: In this case, (3 < —2p holds. Then by (|3.14p . we have 

T = E2iE^ + £22^ = i (1 + (26 cos 11)7]/^ + o{if)) , 
n 77 

/i = 77(1 - {2bcoslt)if + 0(77'')), 
77 = (1 + i2bcoslt)h'^ + o{h^)) . 
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Thus, 7r(/(£)*) n Hjio, s)) is parametrized as 

(3.15) ^ = EiiWi + EuE^ ^ e^'^'rjP {1 + {2bcoslt)7^^ + o{r]^)) 



Amt 



hP{l + hNp^i^m(h,t) + o{hP)) {h ^ e-'). 
The case (1 +p)l > —2pm: In this case, /? > —2p holds. Then by (|3.14p . we have 

1 



— — E21E21 + E22E22 — — 
h 1] 



1 



4(l+p)2 



1 



2^ 



4(l+p)2 ' 

Thus, n(^f{D*) n Hjio, s)) is parametrized as 



(3.16) 



^ = EnE2i + Er2E22 = e™*/?^ ( 1 - .Tf ,' ^.^ r^" 



2p+l 



4(l+p)2 



+ o(.r*) 



hP {1 + Sp{h) + o{h-^P)) . 

The case (1 + p)l = —2pm: In this case, p = —2p holds, and by a similar 
calculation, the intersection Tr{f{D*) n 7i^(o, s)) is parametrized as 

(3.17) I = e™*/if (1 + 6A^p,i,™(/i, + 5p(/i) + o{h-^P)) . 

The case of centerless end: In this case, I in ()2.16p is always equal to the 
maximum indentation number n because of (1) and (2) in Lemma 12.81 Substituting 
I = n into ((XT5)) . (jXTCl) and (jXTT)) . we have 

The case of centered end: If the geodesic 7 coincides with the principal axis 
a, I in (j2.16p equals the maximum indentation number n. Then (ii) holds. We 
also explain Remark 13.21 here. If the geodesic 7 is not a principal axis, I equals m. 
Substituting I = m into ([STTS]) . ([3161) and ([3lT|) . we have dSS]). □ 



Proof of Theorem \3.5[ By Lemma [2. 12) we normalize as in p.l7|) . Then by (jl.lSp . 
we have 



£^11 
£^12 

£'21 



m 



— ]=z'^ (m + {21 - ■m)z' + o{z^)) , 
2\/ Am 



— z""? (1 



z'+oh'^ 



E22 — 



1 



2VAm 

Hence, we successively have 
1 



, — E21E21 + E22E22 — 
n m 



{-m+{2l + m)z^ + o{z^)). 

^; (a + ^) ^-■(1 + 0,1)) 



h = 

c ^ 

h 



f 4Am 



V4A2 + m? 



)r"(l + o(l)). 



4A 



4A 



ml 



A-— + 2 A+— cos/t- i— sinZi r' +o(r') 
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where z = re'*. Setting r™ = 77, we have 
/ 4Am 



V4A2 

771 



t2 



h 



m 
4A 



'7(1 + 0(1)), 
2 ^ 



^■^"^ ^ ^2 + cos Zt- sin /t^ /i*^ + o(/i'^) 



4A2 



where /? = l/m. 

If the end is centered and 7 is not principal, then I = m and we have p.lOp . In 
all other cases, I equals the maximum indentation number n, and (|3.8p holds. 

When the end is incomplete, A = m/2 holds because of Lemma [2.121 Then the 
first term of (13.811 vanishes, and we have (13.91). □ 



Remark 3.10 (Behavior of the singular curvature). In |SUYj . the notion of singular 
curvature for cuspidal edges of fronts was introduced. It was seen there that the 
singular curvature of a cuspidal edge is negative, (resp. positive) if and only if the 
cuspidal edge curves outward, (resp. curves inward) with respect to the location 
of the surface. (For representative figures, see [SUYj .) Let f : D* ^ be a 
regular incomplete WCF-end. Since / is fiat in 7?^, the extrinsic curvature i^ext is 
identically 1. Then the singular curvature Ks of cuspidal edges on / is negative, by 
[SUY|, Theorem 3.1]. Let (w,6') be the canonical forms associated with /, and set 
p = 6 /uj. Here, we take a complex coordinate z — x + iy so that the image of the 
X-axis is a cuspidal edge and z — Q corresponds to the incomplete end. Then we 
can write 

p(z) = l + ipiz" + o(z") (piei2\{0}). 

A somewhat lengthy but straightforward calculation gives the following explicit 
formula for the singular curvature on the x-axis: 

.^. = -^x" + o(x"), 

where m is the multiplicity of the end. This implies that the singular curvature is 
always negative, and hence that the cuspidal edges always curve outward with re- 
spect to the surface. Moreover, the limiting value of the singular curvature is zero at 
the end, in accordance with the fact that the cuspidal edges become asymptotically 
straight as they extend out to the end. 

4. The pitch of caustics 

As pointed out in the introduction, the caustic C/ of a fiat front gives locally 
a fiat front. In this section, we give a useful formula for the pitch of an end 
of Cf. We suppose that the flat front /: AP is weakly complete and of 

finite type. Then there exist a compact Riemann surface and finitely many 

2 2 

points pi, . . . ,p„ e M so that A'P ~ M \ {pi, . . . ,Pn\- Moreover, we assume the 

restriction of / to a neighborhood of any pj corresponds to a regular WCF-end. So 

we call each pj a regular WCF-end of /. On the other hand, let 

gi, • ■ • ,gm e 

be all of the umbilics of /. Then it is known that the caustic 
Cf : A/^ \ {pi, ...,pn,qi,..., q,n} — > 

is a weakly complete fiat p- front of finite type, and {pi, . . . gi, . . . , (j„i} are all 
regular ends. In particular, the number of ends of C/ is m + 71. The ends pi, . . . ,pn 
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of Cf come from the ends of /, so they are called E-ends. The ends . . . , (/m of C/ 
come from the umbilics of /, so they are called U-ends. (See |KRUY| .) Even when 
Cf is not a front but only a p-front, by taking its double cover, we may consider it 
as a front. 

From now on, wc fix a point 

e=pj or Qk (j = 1, . . . ,n, fc = 1, . . . ,m) 

and denote by 

C : D* = D\{e} — > 

a restriction of Cf around a neighborhood D{c M^) of the end e of Cf, which is 
a regular WCF-end of a p-front. If the unit normal vector field of C is globally 
defined on D* (namely C is a front), the end C is called co-orientable. (In this case, 
C itself is a regular WCF-end of a front.) Otherwise, C is called non- co-orientable. 
If C is non-co-oricntable, it is not a front, but taking the double cover tt : D* D* , 
then C o TT is a regular WCF-end of a front. 

Proposition 4.1 ( |KRUY1 Theorems 7.4 and 7.6]). All of the U-ends qi,. .. ,qm 
are incomplete regular WCF-ends of the p-front C f . Each E-endpj is an incomplete 
regular WCF-end ofCf, unless pj is a snowman-type end of f . 

If Pj is a snowman- type end of /, then Cf has a complete cylindrical end at pj, 
and the pitch is equal to 0. So to give a formula for the pitch of the ends of C/, we 
may assume that pj is not a snowman-type end of /. We can prove the following: 

Theorem 4.2. Let C : D* he a regular WCF p-front end, which is the 

restriction of the caustic Cf around an E-end z = pj or a U-end z = qk- The end 
is incomplete if and only if z = q^, or z ~ pj and Pj is not a snowman-type end of 
f. In this case, for a sufficiently small e > 0, the image of C in is congruent 
to a portion of the image of [0, 27r) x (0, ho) 3 [t, h) i-^ {Lph{t), h) G R^, with 

(4.1) ^^(t) = /ii+Pr„^,„^(t)+o(/ii+P), ^ e (0,l)U(l,cx)) , 

for the map Em^^ria of a cycloid, and for 

:= lord Q + ord(S'(G,) -S'(G)) +3, 

{iordQ-fmj + l [ifz^pj) 
2 0rdQ (ifz^qk), 

where mj is the multiplicity of the endpj of f . In particular, the pitch p = Uc/mc of 
C is a rational number. (In fact, if Pj is a snowman-type end of f, it is a complete 
cylindrical end of Cf, and its pitch vanishes.) 

Proof. The multiplicity TOc of the end pj or q^ of Cf has been computed in |KRUY[ 
Theorems 7.4 and 7.6]. So we consider only the formula for Hc. The canonical forms 
{lOc, Oc) of Cf are given by (see |KRIJYl (6.5)]) 

-c^iv/Q + ^, ^c = -iv/0 + ^, 

where p ~ 9/lu, Q = uj9 and {u},9) ~ {ujdz,ddz) is a pair of canonical forms of 
/. (The meaning of the square root ^/Q is explained in [KRUY] .) Then the Hopf 
differential Qc of Cf is given by 

Qc := ujcOc = Q+ { I . 
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We set pc '■= Oc/lOc- By a straightforward calculation, we have 

-2(1) -y 




{ (2g + 5(G.)) - (2Q + S{G)) } = ^ (5(G,) - 5(G)) , 

where ' = d/dz and S'(-) denotes the Schwarzian derivative as in p.lSp . Since 
z — pj or z = (7fc is incomplete, it must be cylindrical and the order of Qc at the 
end equals —2 (i.e., a pole of order 2). The singular set of G/ is represented as 
{\pc\ = 1}. Then 

Tic = ord(d(logpc)) + 1 

= i ord(Q) - ord(Q,) + ord(5(G,) - 5(G)) + 1 

= i ord(Q) + ord(S'(G*) - S{G)) + 3. 

If ordQ at the end is even, G is a front, and the assertion follows directly from 
Theorem |b1 On the other hand, if ord Q is odd, then G is non-co-orientable. In 
this case, we get the assertion by applying Theorem |B] to the double cover of G. □ 

We shall now compute the pitches of ends of some complete flat fronts and their 
caustics, showing that a variety of cases do indeed occur on global examples. 

Example 4.3 (Flat fronts of revolution). Recall the flat fronts of revolution as in Ex- 
ample 11.191 The caustic of the horosphere is the empty set because the horosphere 
is totally umbilic, and the caustic of a hyperbolic cylinder is a geodesic line. The 
caustic of an hourglass is a geodesic, which can be considered as a parallel surface 
of the hyperbolic cylinder, regardablc as a regular incomplete cylindrical end with 
pitch p — 00. The caustic of the snowman is congruent to a hyperbolic cylinder. 

Example 4.4. The third and the fourth authors [UY2| constructed constant mean 
curvature one surfaces in H"^ from a given hyperbolic Gauss map and a polyhedron 
of constant Gaussian curvature 1. Here, we explain the canonical symmetric flat 
fc-noid via a construction similar to that one. We consider a domain Dk in C 
bounded by a regular fc-polygon Pk . Consider a pair of Dk and glue them along Pk . 
Then we get an abstract flat surface with k conical singularities, up to a homothety, 
which gives a flat symmetric conformal metric \oj\'^ on S*^ = C U {00}, that is, 

w = c(z'=-l)-2/fedz (fc>3). 

We set G = z. By [KRUYl Theorem 4.1], the pair (G, w) gives a flat symmetric 
fc-noid 

/: CU{oo}\{z'' = l}^H^, 
whose Hopf differential Q and other hyperbolic Gauss map G* are given by 



^'-'^^'^'-dz^ G.^z 



i-fc 



(2*^-1)2 

In particular, z = 0, 00 are umbilics. Since limz^i(z — XYQjdz^ = (k — X)lk'^ > 
and the ends of / are congruent to each other, the ends of / are all of hourglass 
type, and they are embedded, as G does not branch at the ends. Moreover, their 
pitch is given by 

fc-2 
^=-2fc3^<0- 
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Figure 6. One of three congruent portions of the front with data 
G = and G* = z^^'^ and one of three congruent portions of its 
caustic, for (fc,d) — (1,3). 



Next, we consider the caustic C/. The points z = 0, oo are ends coming from the 
umbilics of /. Since Q has order A: — 2 at those two points, we have rric = (fc — 2)/2. 
Since G^{z) = z^~^, S{G^,) has order — 2 at z = 0,cx3. Thus 

1 k 
nc = - ord Q + ord S{G^.) + 3 = ^ ' 

and nc/rric ~ k/{k — 2) > 1 gives the pitch of the end z = 0,oo. They are 
hypocycloid-type ends. 

On the other hand, the other remaining ends of G/ are aU congruent. By a similar 
computation, we have nic = 1 and Uc = 2, and thus the pitch is equal to 2, namely, 
these ends are of hypocycloid-type. In particular, the case of = 4 (Figure [T] in the 
introduction) is very interesting. As pointed out in the introduction, the caustic G/ 
has octahedral symmetry. In this case, one can easily get ric = 2 from the picture 
since the four cuspidal edges accumulate at each end. 

Example 4.5. We consider a cone Cd{C R^) over the domain Dd in C bounded by 
a regular d-polygon Pd, which gives a polyhedron whose sides consist of d regular 
triangles. Consider a pair of Cd and glue them along Dd- Then we get an abstract 
flat surface with ((i+2)-conical singularities, which gives a flat symmetric conformal 
metric |a;p on 5^ = C U {oo}. We set G = z'^. Then the pair (G,w) gives a flat 
front with d + 2 ends and dihedral symmetry 

whose Hopf differential Q and other hyperbolic Gauss map G, are given by 

In particular. / has no umbilics. The ends z — 0,oo are ends of multiplicity k 
(embedded if and only if fc = 1) and with pitch p = —1/2, that is, they are 
horospherical. On the other hand, the other d ends arc all mutually congruent, and 
they are embedded snowman-type ends with pitch p = —{2k + d)/{2k + 2d) < —1/2. 

Next, we consider the caustic G/. Since / has no umbilics, the ends of G/ are the 
same as those of /. The ends z = 0, oo of G/ satisfy rric = k + d/2 and Uc = d/2. 
So the pitch is equal to Pc = d/{2k + d), and thus they are epicycloid-type. The 
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other ends of C/ are mutually congruent. Since they are caustics of snowman- type 
ends, they are regular complete cylindrical ends (i.e., Pc = 0). See Figure [H 

Appendix A. The hyperbolic Gauss maps 

In this appendix, we show that the hyperbolic Gauss maps defined as limits of 
the normal geodesic of the flat front coincide with G and G* defined in Section [TJ 

Let be the Minkowski 4-spacc with the Lorcntzian metric ( , ) and consider 
the hyperbolic 3-space as the hypcrboloid as in (II. ip . We denote the cone of 
future pointing light- like vectors by L^: 

L+ := {n = {no, ni, n2, 713) G L'^ ; ("-, n) = 0, no > 0}. 

The multiplicative group acts on by scalar multiplication. The ideal bound- 
ary of is defined as 

dH'^ := L+/R+. 

This is also considered as the asymptotic classes of geodesies. In fact, if we denote 
by "yx,v the geodesic starting at x with velocity v {\v\ = 1), 

the asymptotic class of ^x,v{s) '■— (coshs)a; -I- (sinhs)i; 

(A.i) ^[x + v]edH^ = L+/R+ 

^ 1 ^ x\ ^ A {xi + vi)^i{x2 + v2)) ecu {00} 

(xo + uo) - (2:3 + W3) 

are one-to-one correspondences, where x = (ccq, xi,X2, 2:3), v = [vq, vi, W2, v^). 
Now, identify with the set of 2 x 2 hermitian matrices IIerm(2) as in (|1.2|) : 

L 3 {Xq,Xi,X2,X^) < — > . (i=\/-l)- 

Then the Lorentzian inner product ( , ) is represented by 

{X,Y) = trace Xy, 

where Y is the cofactor matrix of Y, that is, YY = YY = (detF)id holds. In 
particular, {X,X) = — det AT. Here, we can write 

(A.2) ^{xe Herm(2) ; deta; = 1, trace a; > 0} = {aa*\ae SL(2,C)}. 

We write 

(A.3) eo^id, e,= (l j) , = (^^. , 63 = _fj . 

Let X e H"^ and X,Y £ TxH^ ■ The tangent space T^H^ is identified with the 
orthogonal compliment of the position vector x in = IIcrm(2). Then we define 
a skew-symmetric bilinear form 

(A.4) TxH^ X TxH^ 3 X,Y ^ X xY = ]^{Xx-^Y -Yx-^X) e T^H^ , 

called the exterior product, where x G H'^ is considered as a matrix in SL(2,C), 
and products of the right-hand side are matrix multiplications. Then one can show 
the following: 

• A X y is perpendicular to both X and Y. 

• If i is an orientation preserving isometry of H^, l^,X x l^Y ~ i*(A x y). In 
particular, ei x e2 = 63 holds for matrices as in CO|) . where (.7 = 1,2,3) 
are considered as vectors in Te^H^ . 

• {x, X,Y,X X Y) is a positively oriented basis of L"^. 
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Let /: D* — > be a complete regular end as in Section [T] i' the unit normal 
vector field and £f its holomorphic Legendrian lift. Then we have: 

Proposition A.l. At each regular point of f, 

l\a\2 l*|2\ fu^fv 

V = sgndt*! - |cj| 



holds. That is, v is compatible to the orientation of D* if and only if \9\'^ — |a)p > 0, 
where z ^ u + iv is the complex coordinate and to — (li dz, 9 — dz. 

Proof. By p.lOp . we have 



Thus, using (|A.4|) . we have 



Then we have the conclusion. □ 
Now, we define 

G± = [f±u]:D*^dH\ 
where [ ] denotes the equivalence class in dH^ = 

Proposition A. 2. Let £f = (Eij) be the holomorphic Legendrian lift of f . Then 
under the identification as in (jA.ip . it holds that 

r< _ n - -^11 r< - n - 

Lr+ — u — Lf- — Cr, — — — . 

Proof. We denote f + v = (ng, rii, 7^2, n^), and consider as Hcrm(2). Then 

] = f + ly = £f£f + £fe3£f ^ 2£f [ ]£. 

— 2 I ^11^11 -E'ii-E'21 
Y£'2i-Bii E21E21 

By (|A.ip , the map [/ + u] is identified with 

7li + i7l2 -E'lli?21 -Ell 



G. 

no - 7l3 E21E21 E21 



On the other hand, since 



f — V — 2£ \ ] £*■ — —2( ^i2;^i2 E12 E22 

^ \ Q —1/ V-£'22£'i2 E22E22 



[f — v] is identified with 

E12E22 E12 



— G^ . 



E22E22 E22 

This concludes the proof. □ 
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Appendix B. A differential equation of cycloids 

Wc will show that the plane curve F: i-^ r(t9)e"' determined by a general 
solution r of 

d log r 



(B.l) 



dd 



is a hypo-/epi-cycloid if p = n/m. 

Integrating the second equation of (|B.1|) . we have 



1 u 

(B.2) arctanu arctan — = + Ci. 

P P 

Without loss of generality, we take the arbitrary constant Ci in (|B.2p to be zero, 
because the constant Ci can be cancelled by a change of the parameter of the curve 
r. From now on, we let u = u{'d) be the implicit function determined by (|B.2p 
with Ci = 0. 

We introduce a new parameter s(= s{'d)) by 

(B.3) s = 7? — arctan 

Note that s is monotone in ?9 because ds/d-d = (1 + u^)/{l — p^) ^ 0. 
It follows from (fR2l) and ((R3|1 that 

(B.4) arctan -^—^ = s, 

P P 

that is, 

(B.4') u(79) = -ptan(ps). 

It follows from ([R3ll and ()B.4'|) that 

(B.5) i3 — s ~ arctan(ptan(ps)). 

Next, we rewrite the first equation of (jB.ip in terms of s instead of i}. Since the 
first equation of (jB.l|l is equivalent to 



dlogr ds . dlogr d-d 

ds d'0 ^ ' ds ds ' 

we first calculate d'd/ds. In fact, differentiating (|B.5p . we have 

^-Q^^ ^ (1 -p^)cos2(ps) 

ds cos^ (ps) + p2 sin^ (ps) 
Substituting (|B.4'|) and (|B.7jl into (|B.6j) . we have 

dlogr p(l — p2) sin(2ps) 



^ ds (1 +p2) + (1 -p2)(,Qg(2ps)' 

It implies that 

(B.9) = C2{(l+p') + (l-p')cos(2ps)}, 

where C2 is an arbitrary non-zero constant. 

On the other hand, let us also describe e^'^^ in terms of s. In fact, it follows from 
(|R5|) that 

_ gxp(— iarctan(ptan(ps))) 

= e'^jcos (arctan(ptan(ps))) — isin (arctan(ptan(ps)))} 
_ js I 1 _ ■_ ptan(ps) [ 



^1 + (ptan(ps))2 ^1 + (ptan(ps))2 
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Hence, we have 

(B 10) e^'^ = e^'" 1 - 2iptan(p.s) -p^ tan^(ps) 

(1 — p^) + (1 +p^) cos2ps — 2ipsm2ps 

(1 + (1 _p2)(.Qs2ps 

It follows from jROl) and (|RT0)) that 

{re'^^ f = C2e^'"{(l -p2) + {l+p^)cos2ps - 2ipsin2ps} 

Hence, we can conclude that 

re'^ = C3 |(1 - p)e'(i+P)'' + (1 + p)e'(i^f)*} 

for arbitrary non-zero constant C3. 

In the case of p = n/m, using a new parameter t = s/m, we have 

(B.ll) r-. re''^ = C {(m - n)e'("+")* + (m + n)e'("-")*} C • r„,,„(t)) 

for arbitrary non-zero constant C . The equation (jB.lip proves that the solutions 
of (|B.ip give hypo-/epi-cycloids. 
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